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Abstrat
The free energy of thik enter vorties is alulated in ontinuum Yang-Mills theory in
one-loop approximation using the proper time regularization. The vorties are represented
by Abelian gauge eld ongurations on the torus whih satisfy twisted boundary onditions.
1 Introdution
Understanding olor onnement in the framework of QCD is one of the most hallenging
non-perturbative problems of strong interation. Center vorties oer an appealing piture of
onnement [1, 2, 3℄. The vortex piture of the QCD vauum was proposed as early as in 1978
and has reently reeived support by lattie alulations. After enter projetion in the so
alled maximal enter gauge one produes still the full string tension [4℄. On the other hand,
when enter vorties are removed from the Yang-Mills ensemble the string tension vanishes [5℄.
In addition, the signals of onnement disappear from QCD propagators in both the Landau
gauge [6℄ and the Coulomb gauge [7℄ when the enter vorties are removed. Furthermore, the
deonnement phase transition in the vortex piture an be understood as a deperolation
transition [8℄ and the topologial harge an be understood in terms of intersetions [9℄ and
writhing [10℄ of the enter vortex sheets.
In refs. [11, 12℄ the free energy of enter vorties has been investigated in lattie alula-
tions exploiting the fat that on the torus a enter vortex an be indued by twisted boundary
onditions. In ref. [11℄ it was shown that in the onnement regime the free energy of a (thik)
enter vortex vanishes. In ref. [12℄ the t' Hooft loop [13℄, whih generates a enter vortex [14℄,
has been used to alulate the free energy in the setors of SU(2) Yang-Mills theory with
xed eletri ux as a funtion of temperature and spatial volume. In the present paper we
will arry out an analogous investigation in ontinuum Yang-Mills theory. We will introdue
∗
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1
the enter vorties on the torus by means of twisted boundary onditions. These boundary
onditions are then realized by Abelian bakground elds. We alulate the free energy of
suh enter vortex elds as funtion of the temperature in one-loop approximation
1
.
The paper is organized as follows: In the next setion we summarize the relevant features of
gauge elds on the torus satisfying twisted boundary onditions. In partiular we fous on the
derivation of the free energy of ongurations with denite eletri ux and its relation to the
free energy of a stati quark-antiquark pair. In setion 3 we introdue Abelian ongurations
fullling twisted boundary onditions. Suh ongurations an be interpreted as eletri
or magneti enter vorties. Then the operator of utuations around these gauge elds is
determined. The spetrum of the utuations around suh bakground gauge elds with non-
zero instanton number has been alulated already in ref. [16℄ and in general it has negative
modes. However, positivity of the utuation operator an be ahieved by restrition to
zero instanton number and by a suitable hoie of some free parameters (moduli) of the
bakground gauge elds. This fat, whih was pointed out in [17℄ for gauge elds on the
three torus, an be trivially generalized to the four torus for gauge elds with zero Pontryagin
index. Then the requirement of a stritly positive utuation operator onstrains the range
of temperatures. For the ases of purely spatial and purely temporal twists (where the
Pontryagin index vanishes) the spetrum of the utuation operator is alulated. Finally, in
setion 4, the proper time regularization is used to alulate the free energy of magneti and
eletri vorties to one-loop order. Our results are then onfronted with those of the lattie
alulations of ref. [12℄.
2 QCD on the hypertorus
To x our notation we summarize the relevant ingredients of gauge elds on the torus T
4
.
We dene the four torus T
4
as R
4
modulo the lattie
L =
{
x ∈ R4|x = nµL(µ);n = (nµ), n ∈ Z4
}
, (1)
where L(µ) := Lµeµ , µ = 0, 1, 2, 3 denote the vetors spanning the lattie and {eµ|(eµ)ν =
δµν} is the anonial basis of R4. Throughout this paper we hoose L1 = L2 = L3 = L and
L0 = 1/T with T being the temperature. Fields on T
4
are onsidered then as elds on R
4
fullling appropriate boundary onditions. Loal gauge invariants are periodi with respet
to a shift by an arbitrary lattie vetor L(µ), whereas the gauge potential is (in general) only
periodi up to a gauge transformation, i.e.
Aλ(x+ L
(µ)) = A
Ωµ
λ (x) = Ωµ(x)Aλ(x)Ωµ(x)
† +Ωµ(x)∂λΩµ(x)
†. (2)
1
In this ontext let us also mention that the energy density of an innitely thin stati magneti enter vortex
in ontinuum SU(2) Yang-Mills theory has been evaluated in [15℄ in the Shrödinger piture to one loop order.
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Here Ωµ(x) denotes the transition funtion in µ-diretion. Transition funtions in dierent
diretions have to respet the oyle ondition
Ωµ(x+ L
(ν))Ων(x) = ZµνΩν(x+ L
(µ))Ωµ(x) , (3)
where
Zµν = exp
(
2πi
N
nµν
)
· 1N , nµν ∈ Z(mod N) (4)
is an element of the enter of the gauge group SU(N). Here we have introdued the anti-
symmetri twist-tensors nµν and 1N is the N × N unit matrix. The oyle ondition (3)
expresses ompatibility of two suessive translations in the (µ, ν)-plane, and a non-trivial
twist Zµν indues a enter vortex in this plane. The possible twists are divided into two
groups. First, the spatial twists nij, (i, j = 1, 2, 3) whih an be interpreted as the ompo-
nents of a 3-vetor m = (n23, n31, n12) whih represents the diretion of the magneti ux.
These twists indue magneti enter vorties. Seond, temporal twists n0i, whih again an
be interpreted as the omponents of a 3-vetor k = (n01, n02, n03). These twists indue fat
eletri enter vorties whose ux is homogeneously distributed over the whole torus.
The Pontryagin index PN of a gauge potential is given by
PN = − 1
16π2
∫
T
4
d4x tr
(
GµνG
∗
µν
)
, (5)
where
Gµν = ∂µAν − ∂νAµ + [Aµ, Aν ] = GaµνTa (6)
is the eld strength, G∗µν =
1
2ǫµναβGαβ its dual and Ta are the generators of the Lie algebra
of the gauge group normalized suh that tr (TaTb) = −12δab. The Pontryagin index is fully
determined by the transition funtions Ωµ. In [18℄ it has been shown that the Pontryagin
index is generally a frational number
PN = ν +
(
N − 1
N
)
Pf(nµν) , ν ∈ Z , (7)
where ν is the integer valued topologial harge (instanton number) and Pf(nµν) =
1
8ǫµναβnµνnαβ
is the Pfaan of the twist tensor nµν . The frational part of PN is obviously due to nµν .
Under a gauge transformation U the transition funtions Ωµ transform as
ΩUµ (x) = U(x+ L
(µ))Ωµ(x)U
−1(x). (8)
The twist tensor nµν is invariant under gauge transformations of the transition funtions.
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2.1 Flux
In this subsetion we will derive the free energy of a pure SU(N) gauge eld onguration
on T
4
with given eletri and magneti ux (e,m). Thereby we will mainly follow the ideas
outlined by 't Hooft [19℄.
The partition funtion under interest is given by the trae over physial states with well
dened eletri and magneti ux (e,m). This partition funtion an be formally expressed
as
Z (e,m, Lµ) := NTr
(
P(e,m)e−βH
)
, (9)
where P(e,m) denotes the projetor on denite eletri and magneti ux, β = L0 is the
inverse temperature andN is a normalization onstant hosen suh that Z (e = 0,m, Lµ) = 1.
To obtain this projetor we will rst identify the physial states with given ux (e,m). To
this end we onsider the anonially quantized theory (in Weyl gauge A0 = 0). In this gauge
the onguration spae onsists of spatial gauge potentials Ai , i = 1, 2, 3 on the torus T
3
satisfying the twisted boundary onditions (2) with spatial twist vetor m. This vetor m
represents the magneti ux of the onguration under onsideration. Sine eletri eld
operators do not ommute with the gauge potential, it is harder to identify states with
xed eletri ux e. Physial states have to be invariant under (time-independent) gauge
transformations Ω(x). The gauge group of pure SU(N) Yang-Mills theory is SU(N)/Z(N),
sine the gauge potentials live in the adjoint representation. Therefore, gauge transformations
take values in SU(N)/Z(N) rather than in SU(N), i.e. a gauge transformation Ω(x) need
not be periodi on T
3
- but an hange aross the torus by a enter element:
Ω[k](x+ L(i)) = ZiΩ[k](x), i = 1, 2, 3, Zi := e
2piiki
N
1N ∈ Z(N) . (10)
Correspondingly, sine π1(SU(N)/Z(N)) = Z(N), on T
3
there are N3 homotopially in-
equivalent lasses of gauge transformations. The dierent lasses are labeled by a vetor
k = (k1, k2, k3) ∈ Z3(mod N) and transformations belonging to a lass k are denoted by
Ω[k](x). One an hoose a representative Ω˜[k](x) from eah lass whih takes values only in
the Cartan subgroup of SU(N) suh that
Ω˜[k1]Ω˜[k2] = Ω˜[(k1 + k2) mod N ] . (11)
A general gauge transformation of lass k is then given by the produt of Ω˜[k](x) and a topo-
logially trivial (i.e. truly periodi) gauge transformation (belonging to lass k = 0). Physial
states |ψ〉 have to be gauge invariant under topologially trivial (or small) gauge transforma-
tions, but they an pik up a phase under a topologially non-trivial gauge transformation.
Let Ωˆ[k](x) be the unitary operator whih, when ating on the Hilbert spae of physial
states, generates the gauge transformation Ω˜[k](x). Obviously, the operators Ωˆ[k](x) with
dierent k ommute with eah other and with the Hamiltonian. The eigenstates of Ωˆ[k](x)
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possess well dened eletri ux as an be seen as follows. Sine the Ωˆ[k](x) are unitary their
eigenvalues are pure phase
Ωˆ[k]|ψ〉 = eiσ(k)|ψ〉, σ(k) ∈ R . (12)
and from eq. (11) follows that the phase fator σ is of the form
σ(k) =
2π
N
e · k (13)
with some vetor e ∈ Z3(mod N), i.e. we an label the eigenstate |ψ〉 by the vetor e, i.e. |ψe〉.
We will now identify the vetor e as the eletri ux. For this purpose we notie that the
Wilson loop operator
Wˆ (C) =
1
N
tr

Pexp

− ∮
C
Aµdx
µ




(14)
is the reation operator of eletri ux lines [20℄. Let Ci, i = 1, 2, 3 denote a path linearly
interpolating between points x and x+L(i). The orresponding Wilson loop operator Wˆ (Ci)
is not invariant under homotopially non-trivial gauge transformations Ω[k]:
Wˆ (Ci)
Ω[k] =
1
N
tr
(
Ω[k](x+ L(i))Pe−
∫
Ci
Adx
Ω[k]†(x)
)
= ZiWˆ (Ci) , (15)
where Zi is the enter element dened in (10). Consider now the ation of Ωˆ[k] on the state
Wˆ (Ci)|ψe〉:
Ωˆ[k]Wˆ (Ci)|ψe〉 = Wˆ (Ci)Ω[k]|ψΩ[k]e 〉 = ZiWˆ (Ci)Ωˆ[k]|ψe〉 = ei
2pi
N
(e·k+ki)Wˆ (Ci)|ψe〉 . (16)
It is seen that the ation of Wˆ (Ci) on |ψe〉 inreases the i-th omponent of the vetor e by
one unit. Sine the Wilson loop operator is the reation operator of eletri ux, we have to
identify
2pi
N
e with the eletri ux vetor. Aordingly the eigenvetors |ψe〉 (12) of Ωˆ[k] are
states with denite eletri ux e and the projetion operator on physial states with given
eletri ux e is given by
P(e) =
1
N3
∑
k
e−
2pii
N
ekΩˆ[k] . (17)
Indeed ating with P(e) on the state |ψe′〉 one obtains:
P(e)|ψe′〉 = 1
N3
∑
k
e−
2pii
N
ekΩˆ[k]|ψe′〉 = 1
N3
∑
k
e−
2pii
N
eke
2pii
N
e′k|ψe′〉 = δ(3)e,e′ |ψe′〉 . (18)
The desired projetor P(e,m) on denite eletri and magneti ux (e,m) is then given by
P(e) times the projetor onto states with xed spatial twist m. With the projetor P(e,m)
at our disposal the partition funtion for xed eletri and magneti ux (e,m) dened by
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eq. (9) is given by
Z (e,m) =
N
N3
∑
k
e−
2pii
N
(e·k)
Zk(m) =
∑
k e
− 2pii
N
(e·k)
Zk(m)∑
k Zk(m)
, (19)
where
Zk(m) = Tr
(
Ωˆ[k]e−βH
)
(20)
is the partition funtion of xed temporal twist k. (Reall that xed spatial twist m implies
also xed magneti ux.) Eq. (19) denes the Z(N)-Fourier transform from the temporal
twist k to the eletri ux e and is refered to as Kramers-Wannier duality.
Formally the partition funtion of xed temporal twist k (20) represents the thermody-
nami average of the operator Ωˆ[k] generating gauge transformations whih are periodi in
spatial diretion up to a enter element, see eq. (10). In the oordinate representation this
partition funtion is given by (ignoring for the moment the spatial twist)
Zk =
∫
DA〈A|Ωˆ[k]e−βHPG|A〉
=
∫
DA〈AΩ[k]|e−βHPG|A〉 , (21)
where PG denotes the projetor on gauge invariant states [21℄. The matrix element in the
above equation an be expressed in the standard form by a funtional integral over spatial
gauge eld ongurations satisfying the temporal boundary ondition
A(~x, β) = AΩ[k](~x, 0) . (22)
Furthermore the projetor PG ontains an integration over the gauge group with the Haar
measure. This integral an be expressed as an integral over a (temporally onstant) temporal
gauge eld A0. Thereby the Haar measure beomes the Faddeev-Popov determinant in the
gauge ∂0A0 = 0. The resulting funtional integral for the partition funtion (21) is gauge
invariant and an be expressed in an arbitrary gauge yielding
Zk =
∫
A(β)=AΩ(0)
DAµδgf (A)e−SYM (A) , (23)
where the spatial gauge eld satises the temporally twisted boundary onditions (22).
Adding also spatially twisted boundary onditions introdues spatial ux m as desribed
at the beginning of the setion. This shows that the partition funtion (20) an be alulated
from the standard funtional integral supplemented by the twisted boundary onditions (10).
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2.2 Polyakov-loop
The stati qq-potential at nite temperature T = 1
β
is dened as the alteration of the free
energy Fqq(β) after adding a qq-pair to the vauum [22℄. This potential an be extrated
from the Polyakov-loop orrelator
〈P(x)P†(y)〉 = e−βFqq(x,y) , (24)
where in presene of temporal twist Ω0(x) the gauge invariant Polyakov loop operator is
dened by
P(x) =
1
N
tr

Pexp

−
β=L0∫
0
A0(x
0,x)dx0

Ω†0(x)

 . (25)
Using the boundary onditions (2) for the gauge potential and the oyle ondition (3) one
obtains the following periodiity properties of the Polyakov loop:
P(x+ L(i)) =
1
N
tr
(
Pe−
∫ β
0 dx
0A0(x0,x+L(i))Ω†0(x+ L
(i))
)
=
1
N
tr
(
Pe−
∫ β
0 dx
0Ωi(A0+∂0)Ω
†
iZi0Ωi(x)Ω
†
0(x)Ω
†
i (x+ β)
)
= e−
2pii
N
kiP(x) , (26)
where ki is the i-th omponent of the temporal twist vetor k. After multiple usage of this
periodiity property one arrives at
P(x− Le) = e 2piiN k·eP(x) (27)
From this relation follows that the thermi Polyakov loop orrelator in presene of magneti
ux m is given by
〈P(x)P†(x− Le)〉 =
∑
k e
− 2pii
N
(e·k)
Zk(m)∑
k Zk(m)
(28)
Comparison with eq. (19) shows that [12℄
〈P(x)P†(x− Le)〉 = Z (e,m) ≡ e−βF (e,m) . (29)
Hene, on the torus the implementation of temporal twisted boundary onditions enfores
stati eletri ux whih an be interpreted as arising from two homogeneously but oppositely
harged planes a distane Le apart, and thus simulates stati quark and antiquark soures a
distane Le apart (Note that 〈P(x)P†(x − Le)〉 is independent of x). In the following we
will realize the twisted boundary onditions by Abelian bakground elds.
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3 Abelian vortex eld
In the remaining part of the paper we restrit ourselves to the gauge group SU(2). The
implementation of ux on the torus by means of twisted boundary onditions an be most
easily realized by Abelian bakground gauge elds
2
of onstant eld strength on T
4
. Suh a
onguration an be interpreted as the eld of a fat enter vortex whose ux is homogeneously
smeared out over the whole torus.
The most general solution of the equations of motion of pure SU(2) Yang-Mills theory
with onstant eld strength and twisted boundary onditions on T
4
reads [16℄
A(0)µ (x) =
(
π
2
Fµνxν − πQµ
Lµ
)
T, T := −i
(
1 0
0 −1
)
= −iσ3 , (30)
where Qµ , µ = 0, 1, 2, 3 are arbitrary onstants (moduli) and
Fµν = − nµν
LµLν
is up to onstant fator the eld strength
G(0)µν = −πFµνT (31)
indued by the twist tensor nµν . The gauge eld (30) fullls the twisted boundary onditions
(2,3) with transition funtions
Ωµ(x) = exp
(
π
2
∑
ν
nµν
xν
Lν
T
)
(32)
and twist tensor nµν . Obviously, eah non-zero omponent nµν = −nνµ of the twist tensor
orresponds to a non-zero eld strength omponent G
(0)
µν of the gauge potential (30), whih
represents the eld of |nµν | enter vorties in the (µν)-plane homogeneously smeared out
on T
4
. We will use this eld to alulate the free energy of fat enter vorties in one-
loop order. To this end we will ompute rst the spetrum and then the determinant of
the operator of utuations of the gauge eld around the given enter vortex onguration
(30). The appearane of negative eigenvalues will be avoided by appropriately hoosing the
onstants Qµ.
3.1 Flutuation operator
The spetrum of the utuations around the Abelian potential (30) for non-zero Pontryagin
index (7) has been found already in [16℄ and in general it has negative modes. On the three
torus these negative modes an be avoided [17℄ by appropriately hoosing the moduli. Here we
2
Here, Abelian gauge potential means a potential that takes values only in the Cartan subalgebra of the gauge
group.
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will extend this result to the four torus where one has to restrit oneself to bakground gauge
elds with zero Pontryagin index and to hoose the onstants Qµ (moduli) (30) appropriately.
We will shortly summarize the essential results needed below.
The utuation operator is obtained by expanding the Yang-Mills ation around the bak-
ground eld A
(0)
µ (30). For this purpose it is onvenient to express the utuating gauge
potential as
Aµ = A
(0)
µ + δAµ , δAµ =
−i
2
(
bµ
√
2cµ√
2c∗µ −bµ
)
. (33)
From eqs. (2,32) the boundary onditions for bµ and cµ follow:
bµ(x+ L
(λ)) = bµ(x) , cµ(x+ L
(λ)) = exp
(
−πi
∑
ν
nλνxν
Lν
)
cµ(x) . (34)
For later use we write down the transformation properties of cµ under a shift by an arbitrary
lattie vetor lνL
(ν)
whih an be obtained by suessive use of eq. (34):
cµ
(
x+
∑
ν
lνL
(ν)
)
= exp
(
−iπ
∑
ρ,ν
LρlρFρνxν + iπ
∑
ρ<ν
lρnρν lν
)
cµ(x). (35)
Noting that A
(0)
µ is a solution of the equations of motion the ation in terms of the utuations
δAµ reads
SYM = S0 − 1
g2
∫
d4x
{
tr
(
−2δAµ
[
G(0)µν , δAν
]
− δAµ(Dˆ0ν)2δAµ − (Dˆ0µδAµ)2 +O(δA3)
)}
,
(36)
where S0 = − 12g2
∫
d4x tr
(
G
(0)
µν
2
)
is the ation of the bakground eld A
(0)
µ and
Dˆ0µ := ∂µ +
[
A(0)µ , ·
]
(37)
is the ovariant derivative with respet to A
(0)
µ in the adjoint representation. Adopting bak-
ground gauge xing
Dˆ0µδAµ = ∂µδAµ +
[
A(0)µ , δAµ
]
!
= 0 (38)
one nds for the gauge xed ation
Sgf = S0 − 1
g2
∫
d4x
{
tr
(
δAµM
µν
A δAν
)
+ 2tr
(
Ψ¯MghΨ
)
+O(δA3)} (39)
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with the utuation operators
MµνA = −δµν(Dˆ0λ)2 − 2
[
G(0)µν , ·
]
, Mgh = −(Dˆ0λ)2 (40)
and Ψ being the ghost eld. Using the parametrization (33) and representing the ghost eld
as
Ψ =
−i
2
(
η 2
√
2φ
2
√
2(φ′)∗ −η
)
(41)
one nally obtains up to terms of third order in the utuations
Sgf = S0 +
1
g2
∫
d4x
{
1
2
bµM0bµ + c
∗
µ (Mnδµν − 4πiFµν) cν + η∗M0η + φ∗Mnφ+ φ′∗Mnφ′
}
,
(42)
where
M0 :=
(
1
i
∂λ
)2
, Mn :=
(
1
i
∂λ − πFλνxν + 2πQλ
Lλ
)2
. (43)
Obviously, the operator Mn depends on the twist tensor nµν = − FµνLµLν . Note that the
ghost elds φ, φ′ and η respet the same periodiity properties as the gauge elds cµ and bµ,
respetively, see eq. (34).
3.2 The spetrum of the utuation operator
In this setion we will alulate the spetrum of the operatorsM0,Mn and (Mnδµν − 4πiFµν),
see eq. (43), from whih the eigenvalues of the operators MA and Mgh (40) follow by using
the deompositions (33) and (41).
The eigenfuntions of M0 are plane waves and from the periodiity properties (34) of the
elds bµ and η one obtains the eigenvalues
λl =
3∑
µ=0
(
2πlµ
Lµ
)2
, l ∈ Z4 . (44)
These eigenvalues are also eigenvalues of MA (40) (four-fold degenerate in the index µ) and
of Mgh (non-degenerate).
In the general ase the operatorMA has negative eigenvalues implying that the onsidered
bakground gauge potential A
(0)
µ is a saddle point of the ation. Note that the negative
eigenmodes our already for ovariantly onstant bakground elds, where they signal the
instability of the perturbative vauum. Only if the map
F : R4 −→ R4 , xµ 7→ Fµνxν (45)
10
is degenerate (i.e. ker(F ) is non-trivial) and for suitable hoie of the parameters Qµ, see
eq. (30), the spetrum of Mn is stritly positive. Therefore, to ensure positivity, we will
onsider only the ases of purely spatial (magneti) (m 6= 0,k = 0) and purely temporal
(m = 0,k 6= 0) twists. In these ases the map F is obviously degenerate and we have the
orthogonal deomposition
3
R
4 = ker(F )⊕ im(F ) ,
and the operator Mn deays into two parts
Mn = Mn|im(F ) + Mn|ker(F ) ,
eah ating in one of the orthogonal spaes ker(F ) and im(F ). In Mn|ker(F ) the linear term
πFλνxν is absent (beause (xµ) ∈ ker(F )). Therefore, the eigenfuntions of Mn|ker(F ) are
plane waves and an be labeled by two integers k, l. We denote the eigenvalues by λ(k,l) and
the eigenfuntions by |k, l〉. Eigenfuntions of Mn|im(F ) an be labeled by one integer m and
are denoted by |m〉 with eigenvalue λm. Then the eigenfuntions ofMn an simply be written
as produts of eigenfuntions of Mn|im(F ) and Mn|ker(F ):
|m,k, l〉 = |m〉|k, l〉 ⇒
Mn|m,k, l〉 = |k, l〉Mn|im(F ) |m〉+ |m〉Mn|ker(F ) |k, l〉 =
(
λm + λ(k,l)
) |m,k, l〉 .
The spetra of the operators Mn|im(F ) and Mn|ker(F ) are alulated in Appendix A from
whih the spetra of the operators MA and Mgh follow immediately and are summarized in
tables 1 and 2.
eigenvalue degeneray parameters
−2pif + (p(k, l)− q)2 2e˜ k, l ∈ Z
2pif + (p(k, l)− q)2 6e˜ k, l ∈ Z
2pif(2n+ 1) + (p(k, l)− q)2 8e˜ n = 1, 2, 3, . . . ; k, l ∈ Z
from eq. (44):
3∑
µ=0
(
2pilµ
Lµ
)2
4 l ∈ Z4
Table 1: Spetrum of the operatorMµνA , where q := − 2piQλLλ
∣∣∣
ker(F )
. The quantities f , e˜ and p(k, l)
are dened respetively in eqs. (55), (56) and (58) of appendix A.
3
This deomposition is orthogonal with respet to the anonial salar produt in R
4
beause the 4× 4 matrix
F is anti-symmetri.
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eigenvalue degeneray parameters
2pif(2n+ 1) + (p(k, l)− q)2 2e˜ n = 0, 1, 2, . . . ; k, l ∈ Z
from eq. (44):
3∑
µ=0
(
2pilµ
Lµ
)2
1 l ∈ Z4
Table 2: Spetrum of the operator Mgh (see also the aption of table 1).
3.3 No twist
For sake of ompleteness let us onsider the ase without ux m = k = 0. We will need this
spetrum to normalize the free energy of a twist onguration with respet to the ase of zero
eld strength.
The eigenvalues of M0 are the same as in the twisted ase, i.e.
λl =
3∑
µ=0
(
2πlµ
Lµ
)2
, l ∈ Z4 , l = (lµ) (46)
and they appear in the spetrum of MµνA (with degeneray 4) and of Mgh (non-degenerate).
The remaining spetrum onsists of the eigenvalues of the operatorMn =
(
−i∂λ + 2piQλLλ
)2
whih read
λl =
3∑
µ=0
(
2π
Lµ
(lµ −Qµ)
)2
, l ∈ Z4 , l = (lµ) . (47)
These eigenvalues appear in the spetrum of the operator MµνA (with degeneray 8) as well
as of the operator Mgh (with degeneray 2).
4 Calulation of the free energy
In this setion we will evaluate the free energy of a fat enter vortex indued by the twisted
boundary onditions and examine its dependene on the torus geometry, and espeially on
the temperature T = 1/L0. For this purpose we have to evaluate the determinants of the
utuation operators. These determinants are ultraviolet singular and need regularization.
We shall adopt the proper-time regularization whih preserves gauge invariane. In the proper
time regularization the determinant of an operator A is given by
log detA := −
∞∫
1
Λ2
dτ
τ
Tr′ (exp (−τA)) = −
∞∫
1
Λ2
dτ
τ
∑
λi 6=0
exp (−τλi) , (48)
where Λ is the ultraviolet ut-o. The symbol Tr′ () means that the trae is taken over non-
zero eigenvalues only. The Λ4 and Λ2 divergenies anel in the ratio of determinants - in
12
our ase the ratio between the determinants for non-zero (nµν 6= 0) and zero (nµν = 0) eld
strength.
The proper time integral (48) is dened only if all eigenvalues are positive. This requires
(see the rst line in table 1)
2πf < (p(k, l)− q)2 , ∀k, l ∈ Z. (49)
With given twist tensor and parameters Qµ from this inequality follows a ondition for LT ,
whih an be interpreted as the temperature in units of 1/L. Therefore, large values LT
stand for high temperatures.
After a lengthy alulation, whih is performed in appendix B, one obtains the free energy
of a fat enter vortex in terms of the renormalized oupling onstant:
Fk(m, LT )
T
=
2π2
g2R(T
2)
(
fL2
)2
LT
+
11
12
(
fL2
)2
LT
log
1
L2T 2
+C(fL2, Qµ, LT ) , (50)
where the funtion C is dened in eq. (76) of appendix B. In the following we will separately
disuss the ases of purely spatial (magneti) twist m and purely temporal twist k.
4.1 Spatial twist
For spatial twists k = 0 , m 6= 0, whih orrespond to fat magneti enter vorties, we hoose
Qµ = (
1
2 ,
1
2 ,
1
2 ,
1
2). In the following table we list the values of the parameter q = − 2piQλLλ
∣∣∣
ker(F )
needed in the alulation of the funtion C (76) as well as the limits for LT resulting from
inequality (49):
m q LT
(1, 0, 0) pi
L
(LT, 1, 0, 0) LT ∈ R+
(1, 1, 0) pi
L
(LT, 1, 1, 0) LT > 0.95
(1, 1, 1) pi
L
(LT, 1, 1, 1) LT > 1.05
(51)
In gure 1 the quantity C (76) is plotted as a funtion of LT for the dierent values ofm. One
observes that C is nearly proportional to the number of twists (more preisely: proportional
to ‖m‖2). In gure 2 the free energy is plotted in units of ΛQCD as a funtion of T/ΛQCD
for the dierent twist ongurations, where the torus extension L has been hosen to be
L = 1/ΛQCD. The 1-loop expansion is valid if T ≫ ΛQCD = 1L , i.e. LT ≫ 1.
For large LT the free energy of thik magneti enter vorties is nearly independent of the
temperature T . Hene, these vorties annot be relevant for the deonnement phase tran-
sition. In fat it is well known that magneti enter vorties (generated here by spatial
twists) do not ontribute to the onning properties of the theory (i.e. to the temporal string
tension). They do, however, ontribute to the spatial string tension, whih even slightly in-
reases aross the deonnement phase transition. Lattie alulations [8℄ show that magneti
vorties (measured in a spatial volume at xed time) do perolate in both the onned and
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Figure 1: C (76) as a funtion of LT for dierent twist vetors.
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Figure 2: The free energy of thik vorties as a funtion of temperature.
deonned phase and thus annot be used to haraterize the deonnement phase transition.
4.2 Temporal twists
For eletri enter vorties indued by temporal twists k 6= 0 , m = 0 we hoose Qµ =
(0, 0, 12 ,
1
2)
4
. In the following table the parameter q neessary for the alulation of the free
4
Here we have hosen Qµ dierently from the purely spatial twist ase sine for k = (1, 1, 1) the vetor Qµ =
(1
2
, 1
2
, 1
2
, 1
2
) would be in the image of the map F , see eq. (45), and therefore in this ase we would have q = 0.
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time integral. The graphs plotted with the symbols (+,×, ∗) show C when the eigenvalues that beome
negative with rising temperature are negle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energy is listed. We also quote the range of temperature LT (last olumn) for whih all
eigenmodes of the utuation operator are positive, see (49):
k q LT
(1, 0, 0) pi
L
(0, 0, 1, 1) LT < 3.14
(1, 1, 0) pi2L(0,−1, 1, 2) LT < 1.67
(1, 1, 1) pi3L(0,−2, 1, 1) LT < 0.60
. (52)
In gure 3 the quantity C dened by eq. (76) whih is part of the free energy (50) is plotted
as a funtion of LT for dierent twists. This quantity (and onsequently also the free en-
ergy) goes to minus innity when LT approahes the region where a single eigenvalue of the
spetrum of the utuations beomes negative. This signals the limit of validity of our al-
ulation. It is easy to see that the onvergene ondition (49) an not be valid for arbitrarily
high temperatures: The twisted boundary onditions enfore a onstant ux ‖k‖ = fLL0
in the plane of the twist, where ux is the produt of area and (onstant) eld strength.
Inreasing the temperature T , i.e. dereasing the torus extension L0, results in an inreasing
eld strength until the inequality (49) is violated.
As an be seen from g. 3 the free energy of eletri enter vorties (temporal twist) inreases
with the temperature TL. Consequently the eletri enter vorties beome less and less
important as the temperature inreases. This result is onsistent with the vanishing of the
temporal string tension above the deonnement phase transition observed in lattie alu-
lations, given the fat that eletri enter vorties are responsible for the temporal string
15
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Figure 4: Creation probability of the thik eletri vortex as funtion of the torus extension.
tension.
The points (+,×, ∗) in gure 3 show C as a funtion of T for the dierent twists when the
negative eigenvalues in the spetrum are negleted. The appearane of negative modes signals
the infrared instability of the perturbative vauum. Negleting the negative eigenvalues the
free energy is proportional to T 4 for large T , whih orresponds to the Stefan-Boltzmann-law
of a free Bose gas.
Let us onsider the partition funtion Zk(m = 0) = exp (−Fk/T ) of the temporal twist
k = (1, 0, 0) on a torus with xed ratio L/L0 = LT as a funtion of the temperature T . From
eq. (78) one obtains
Zk(T ) = e
−C(LT ) (LT )
11
6
LT
(
T
ΛQCD
)− 11
6
LT
, (53)
i.e. for large temperature T the partition funtion Zk dereases aording to a power law
with exponent −116 LT . This is in qualitative agreement with the lattie results of ref. [12℄.
There the partition funtion Zk has been alulated as a funtion of T for dierent lattie
geometries (orresponding to dierent values of LT ) and thereby the deonnement phase
transition was identied. Below the ritial temperature Zk is nearly one. Inreasing the
temperature Zk dereases and above the ritial temperature drops to zero as predited by
eq. (53). The larger LT the sharper the drop.
The partition funtion Zk in eq. (53) an also be onsidered as a funtion of the torus
extension L (with xed value LT ). Figure 4 shows Zk as a funtion
5
of LΛQCD for LT =
0.3. This funtion an be interpreted as the reation probability of a thik vortex [11℄. It
monotonially inreases with LΛQCD. Although the present one-loop alulation is, stritly
speaking, reliable only for small L it ertainly shows the right tendeny of Zk for inreasing
L. Lattie alulations performed by Kovás and Tomboulis [11℄ show that the enter vortex
5
In the gure L is measured in units of 1/ΛQCD, i.e. with ΛQCD = 600MeV the value LΛQCD = 0.3 orresponds
to L ≈ 0.1 fm.
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tion of temperature. The full lines give the results under onsideration of all eigenvalues. The
plots with +,×, ∗ show the results when the negative eigenvalues are negle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g. 3.
reation probability Zk = exp (−Fk/T ) approahes one for large L, implying that the Yang-
Mills vauum an be onsidered as a ondensate of thik enter vorties.
With the above results at hand we an alulate the free energy of an eletri ux e and
the expetation value of the Polyakov -loop orrelator, see eq. (28). Sine the spetrum is
invariant under spatial rotations ontributions of the twists k ∈ {(1, 0, 0), (0, 1, 0), (0, 0, 1)}
are idential and we will write Zk(m = 0, Lµ) = Z (1) if k ∈ {(1, 0, 0), (0, 1, 0), (0, 0, 1)} and
Zk(m = 0, Lµ) = Z (2) for k ∈ {(1, 1, 0), (0, 1, 1), (1, 0, 1) and Zk(m = 0, Lµ) = Z (3) for
k = (1, 1, 1). The partition funtion for the eletri ux e = (1, 0, 0) is given by
Z (e,m = 0, Lµ) = e
−βF (e,m=0,Lµ) =
1 +Z (1)−Z (2)−Z (3)
1 + 3Z (1) + 3Z (2) +Z (3)
. (54)
In gure 5 the temperature dependenes of Z (1) (a) and Z (e = (1, 0, 0)) (b) are plotted
for dierent values of LΛQCD. Obviously, Z (1) as a funtion of T dereases with inreasing
temperature T and for larger L it beomes steeper at low temperatures T . In the range of
temperature, where our alulation is valid, one observes a dual behaviour between Z (e) and
Z (1). This is expeted sine Z (e) emerges from Z (i) , i = 1, 2, 3 through a Z(2) Fourier
transform. Qualitatively, the same dual behaviour is observed in the lattie alulation [12℄.
Unfortunately, the perturbative ansatz has the problem that the one-loop approximation is
valid for high temperatures. On the other hand for the alulation of Z (e) all possible twists
k are needed - and espeially Z (3) is known only for T/ΛQCD < 0.6/(LΛQCD). Therefore,
Z (e) an hardly be onsidered in the sope of the one-loop approximation.
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5 Conlusions
In this paper we have arried out a one loop alulation of the free energy of fat enter
vorties in SU(2) Yang-Mills theory as funtion of the temperature. The fat enter vorties
were indued by imposing twisted boundary onditions to the gauge eld dened on a four-
torus. These boundary onditions, in turn, were realized by Abelian bakground elds whih
desribe fat enter vorties whose ux is homogeneously distributed over the whole 4-torus.
Aordingly the utuations around the Abelian bakground elds have to satisfy quasi pe-
riodi boundary onditions. For arbitrary ombinations of eletri and magneti enter ux,
i.e. for arbitrary twist, negative eigenmodes of the utuations appear. Suh modes an be
avoided for purely spatial or purely temporal twists. In the ase of purely spatial twist the
free energy is nearly independent of the temperature in agreement with lattie results [12℄.
More interesting is the ase of purely temporal twist. Unfortunately in this ase the range of
validity of our alulations is rather restrited: for low temperatures the perturbative ansatz
is not valid while for high temperatures negative modes appear in the utuation spetrum.
But nevertheless in the range of validity of the present alulation our results are in qualita-
tive agreement with the lattie results given in [12℄. Furthermore, the reation probability of
a thik vortex in dependene on the torus extension L has been alulated and is in agreement
with the lattie results given in [11℄.
To summarize we have been able to (at least qualitatively) reprodue the lattie results
obtained in refs. [12, 11℄ by an one-loop alulation in ontinuum Yang-Mills theory.
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A Spetrum of the utuation operators Mn1 andMn2
As pointed out in setion 3.2 the operator Mn, see eq. (43), an be written as the sum
Mn = Mn|im(F ) + Mn|ker(F ) .
In the operator Mn|im(F ) the onstant term 2piQλLλ an be absorbed in a onstant shift yµ of
xµ:
2πQλ
Lλ
|im(F ) = πFλνyν .
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The spetrum and the eigenfuntions of the operators
Mn|im(F ) =
(
1
i
∂λ − πFλν(xν − yν)
)2∣∣∣∣∣
im(F )
and (Mn|im(F ) δµν − 4πiFµν )
∣∣∣
im(F )
have been alulated in [16℄. In table 3 we quote the result for the spetrum, where we have
operator eigenvalue degeneracy parameter
Mn|im(F ) 2pif(2m+ 1) 2e˜ m = 0, 1, 2, . . .
(Mn|im(F ) δµν − 4piiF µν)
∣∣∣
im(F )
−2pif 2e˜
2pif 6e˜
2pif(2m+ 1) 8e˜ m = 1, 2, 3, . . .
Table 3: Spetrum of Mn|im(F ) and (Mn|im(F ) δµν − 4piiF µν)
∣∣∣
im(F )
.
introdued the number
f =
‖m‖
L2
+
‖k‖
LL0
(55)
and the integer e˜ whih is the greatest ommon divisor of the integers m1,m2,m3,k1,k2,k3:
e˜ = gcd (m1,m2,m3,k1,k2,k3) . (56)
Note we have hosen L1 = L2 = L3 = L and restrited ourselves to either m = 0 or k = 0.
The eigenfuntions of Mn|ker(F ) are given by plane waves exp(−ipµxµ). To get its eigen-
values one has to analyze the periodiity properties of the funtions cµ(x) on the spae ker(F ),
or more preisely on L |ker(F ) = L ∩ker(F ) whih is a planar Bravais lattie. Let the lattie
L |ker(F ) be generated by the two vetors {a˜1, a˜2} (whih annot be hosen orthogonally in
general). From eq. (35) one obtains
cλ (x+ l1a˜1 + l2a˜2) = exp

iπ 2∑
j=1
l2jnj

 cλ(x) , (57)
where nj =
∑
µ<ν(a˜j)µnµν(a˜j)ν . If nj is an odd number the funtion cλ is antiperiodi under
a shift by a˜j , otherwise it is periodi. The possible momentum vetors an be written down
in terms of the basis vetors {b˜1, b˜2} of the inverse lattie:
p(k, l) = (k +∆1)b˜1 + (l +∆2)b˜2, k, l ∈ Z , (58)
where ∆j = 0 if nj is even and ∆j = 1/2 if nj is odd and the basis vetors b˜j of the inverse
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lattie are dened by the relation
a˜i · b˜j = 2πδij . (59)
For given twist vetor m or k, resp., it is straightforward to alulate the vetors a˜j and b˜j .
The results are summarized in table 4. The eigenvalues of the operator Mn|ker(F ) in terms
k = 0 :
m a˜1 a˜2 b˜1 b˜2 ∆1 ∆2
(1, 0, 0) (L0, 0, 0, 0) (0, L, 0, 0)
2pi
L0
(1, 0, 0, 0) 2pi
L
(0, 1, 0, 0) 0 0
(1, 1, 0) (L0, 0, 0, 0) (0, L, L, 0)
2pi
L0
(1, 0, 0, 0) 2pi
2L
(0, 1, 1, 0) 0 0
(1, 1, 1) (L0, 0, 0, 0) (0, L, L, L)
2pi
L0
(1, 0, 0, 0) 2pi
3L
(0, 1, 1, 1) 0 1/2
m = 0 :
k a˜1 a˜2 b˜1 b˜2 ∆1 ∆2
(1, 0, 0) (0, 0, L, 0) (0, 0, 0, L) 2pi
L
(0, 0, 1, 0) 2pi
L
(0, 0, 0, 1) 0 0
(1, 1, 0) (0, 0, 0, L) (0, L,−L, 0) 2pi
L
(0, 0, 0, 1) pi
L
(0, 1,−1, 0) 0 0
(1, 1, 1) (0,−L, L, 0) (0, 0,−L, L) 2pi
3L
(0,−2, 1, 1) 2pi
3L
(0,−1,−1, 2) 0 0
Table 4: Generating vetors of L |ker(F ) and its dual lattie.
of b˜j , ∆j and Qλ read:
λ(k,l) =
(
(k +∆1)b˜1 + (l +∆2)b˜2 +
2πQλ
Lλ
∣∣∣∣
ker(F )
)2
, k, l ∈ Z .
B Free energy
To evaluate the proper time integral (48) we start with the simplest ase of zero twist nµν = 0.
The orresponding eigenvalues are given in eqs. (46,47). Corresponding to the dierent types
of eigenvalues we will split the proper time integral log detMµνA (nµν = 0) = I1 + I2, where I1
and I2 ontain all eigenvalues from equations (46) and (47), respetively:
I1 = −4
∞∫
1
Λ2
dτ
τ
∑
l∈Z4\{0}
exp

−τ 3∑
µ=0
(
2πlµ
Lµ
)2 , (60)
I2 = −8
∞∫
1
Λ2
dτ
τ
∑
l∈Z4
exp

−τ 3∑
µ=0
(
2π(lµ −Qµ)
Lµ
)2 . (61)
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Under a suitable hoie of Qµ all eigenvalues in I2 are positive. Using the denition of the
theta funtion
θ(z, t) =
∑
n∈Z
exp
(
πin2t+ 2πinz
)
, Im t > 0, z ∈ C, (62)
and substituting τ by 4pi
L2
τ one obtains
− log detMA(n = 0) = −I1 − I2 =
∞∫
4pi
L2Λ2
dτ
τ
[
4
[∏
µ
θ
(
0, i
τ
π
(
2π
Lµ
)2)
− 1
]
+ 8Θ(τ)
]
, (63)
where we have introdued the funtion
Θ(τ) :=
∏
µ
θ
(
−iτ
(
L
Lµ
)2
Qµ, iτ
(
L
Lµ
)2)
e
−τpi
(
L
Lµ
)2
Q2µ . (64)
For non-zero twist (nµν 6= 0) the alulations are done in an analogous fashion. One nds
log detMµνA (nµν 6= 0) = I1 + I3 , (65)
where I1 is dened by eq. (60) and ontains all the eigenvalues given in the lowest line of
table (1), and
I3 = −2
∞∫
4pi
L2Λ2
dτ
τ

e˜ e−2fL2τ + 2e−fL2τ + 1
(1− e−fL2τ ) e
1
2
fL2τ
∑
k,l∈Z
e−
τL2
4pi
(p(k,l)−q)2


(66)
and
log
detMA(n)
detMA(n = 0)
= I3 + 8
∞∫
4pi
L2Λ2
dτ
τ
Θ(τ) . (67)
In a similarly way one obtains for the determinant of Mgh:
log
detMgh(n)
detMgh(n = 0)
= −2
∞∫
4pi
L2Λ2
dτ
τ

e˜ e− 12fL2τ
(1− e−fL2τ )
∑
k,l∈Z
e−τ
L2
4pi
(p(k,l)−q)2 −Θ(τ)

 . (68)
The free energy
Fk(m) = −T logZk(m) (69)
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then beomes
Fk(m)
T
= −
(
−S0 − 1
2
log det M˜µνA + log det M˜gh
)
(70)
=
2π2
g2
(
fL2
)2
LT
−
∞∫
4pi
L2Λ2
dτ
τ
I(τ) , (71)
where we have introdued the abbreviation
I(τ) =

e˜ e−2fL2τ + 1
(1− e−fL2τ )e
1
2
fL2τ
∑
k,l∈Z
e−τ
L2
4pi
(p(k,l)−q)2 − 2Θ(τ)

 . (72)
The funtion I(τ) is regular at τ = 0
I(τ = 0) =
11
12
(
fL2
)2
LT
so that the ultraviolet singularity in the proper time integral an be easily identied by writing
∞∫
4pi
L2Λ2
dτ
τ
I(τ) =
∞∫
τmin
dτ
τ
I(τ) + I(0)
(
log
τmin
4π
+ logL2Λ2
)
+
τmin∫
4pi
L2Λ2
dτ
τ
(I(τ)− I(0)) , (73)
where we introdued some small but nite τmin > 0. The integrals on the r.h.s. are nite and
logL2Λ2 is the familiar logarithmi singularity. As usual this singularity is absorbed into the
renormalized oupling onstant dened at some energy sale µ
1
g2R(µ
2)
:=
1
g2
+
11
24π2
log
µ2
Λ2
. (74)
In the present ontext it is onvenient to identify this sale with the temperature µ = T .
Inserting eq. (73) into eq. (70) the free energy in terms of the renormalized oupling onstant
(74) beomes
Fk(m, LT )
T
=
2π2
g2R(T
2)
(
fL2
)2
LT
+
11
12
(
fL2
)2
LT
log
1
L2T 2
+ C(fL2, Qµ, LT ) , (75)
where we have introdued the funtion
C = −11
12
(fL2)2
LT
log
τmin
4π
−
∞∫
τmin
dτ
τ
I(τ)−
τmin∫
0
dτ
τ
[I(τ)− I(0)] (76)
whih is independent of τmin and an be determined numerially with very high preision.
The funtion I(τ) is dened in eq. (72).
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Introduing the parameter ΛQCD by
1
g2R(T
2)
:=
11
12π2
log
T
ΛQCD
(77)
we obtain for the free energy in terms of ΛQCD:
Fk(m, LT )
T
= −11
6
(
fL2
)2
LT
log (LΛQCD) + C(fL
2, Qµ, LT ) . (78)
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